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ABSTRACT The confinement of macromolecules within enclosures or ‘pores’ of comparable dimensions results in significant size- and
shape-dependent alterations of macromolecular chemical potential and reactivity. Calculations of the magnitude of this effect for model
particles of different shapes in model enclosures of different shapes were carried out using hard particle partition theory developed by
Giddings et al. (J. Phys. Chem. 1968. 72:4397-4408). Results obtained indicate that the equilibrium constants of reactions, such as
isomerization, self-association, and site binding, that result in significant change in macromolecular size, shape, and/or mobility may be
altered within pores by as much as several orders of magnitude relative to the value in the unbounded or bulk phase. Confinement also
produces a substantial size-dependent outward force on the walls of an enclosure. These results are likely to be important within the fluid
phase of biological media, such as the cytoplasm of eukaryotic cells, containing significant volume fractions of large fibrous structures

(e.g., the cytomatrix).

INTRODUCTION

The cytoplasm of almost all eukaryotic cells contains a
variety of fibrous “supramolecular” structures, such as
F-actin, microtubules, and intermediate filaments, col-
lectively referred to as the cytomatrix, cytoskeleton, or
microtrabecular lattice (Porter, 1984). It has been esti-
mated from a three-dimensional analysis of electron mi-
crographs that the total volume of fibrous elements is on
the order of 20% of the total volume of cytoplasm (Ger-
shon et al., 1985). A rough calculation based upon this
figure suggests that most of the fluid phase of cytoplasm
(that is, the part of cytoplasm exterior to the fibrous
structures) lies within a few macromolecular radii of the
surface of at least one fibrous structural element (Min-
ton, 1990). Electron microscopic evidence ( Hirokawa,
1991) also suggests that the fluid phase of cytoplasm is
largely distributed in pores, interstices, and channels be-
tween fibrous structures. Fluorescence recovery after
photobleaching (FRAP) and EPR studies (Mastro et al.,
1984; Luby-Phelps et al., 1987) have revealed that the
cytomatrix retards diffusive transport of soluble mole-
cules within the cytoplasm in a size-dependent manner,
with larger molecules being most significantly slowed.
This work constitutes a first attempt to address the fol-
lowing questions. Can the confinement of soluble com-
ponents of the cytoplasm within pores or channels alter
the equilibrium (as opposed to transport) behavior of
these components? If so, under what conditions would
such alterations be significant?

In the following section the basic relations between
equilibria in confined and unconfined phases are de-
scribed and specified in terms of differential partitioning
of reactants and products between the unconfined and
confined phases. Next, general elements of partition
theory (Giddings et al., 1968 ) are reviewed: calculations
of partitioning for specific models are deferred to the
appendix. Next, results of calculations of the effects of
confinement upon isomerization, association, and bind-

ing equilibria in model enclosures (“pores”) are pre-
sented. Then, some results are presented illustrating link-
age between solution equilibria in pores and the ability
of the system to perform mechanical work via expansion
or compression. Finally, the possible biological rele-
vance of the results presented are discussed.

RELATIONS BETWEEN EQUILIBRIA IN
UNCONFINED AND CONFINED PHASES

Consider the following general reaction in solution:
mXytmXyt oo A0 X 20X
+ nj+2Xj+2 + e + nNXN.

A thermodynamic equilibrium association constant for
this reaction at fixed temperature and pressure is defined
in molar concentration units as follows:

N j N J
Ko= I ap[[Tat= II epap/ILerv, (1)
i=j+1 i=1 i=j+1 i=1

where a;, ¢;, and 7y; denote respectively the (molar) ther-
modynamic activity, molar concentration, and (molar)
activity coefficient of the ith species. We may also define
apparent equilibrium constants for the unbounded
(“bulk’) and bounded (“pore”’) phases in terms of the
concentrations of each species within the respective
phase:

Kbulk = ﬁ (c?ulk)ni ﬁ (c}aulk)n,- (2)

i=j+1 i1
N J

K== T (e TT (ermym, (3)
i=j+1 =1

where the superscript denotes the phase to which the
corresponding variable refers. Assuming equilibrium be-
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tween bulk and pore phases, then ¢ = g™ for all i,
and

Kpore = K"“"‘I‘, (4)

where

N J

I= [T (™ /are)yy ) IT (v /o).
i=j+1 i=1

We next define an equilibrium partition coefficient for

the ith species as follows:

F = cporef e = v (5)

Thus, Eq. 4 may be rewritten as:

N A
KP® K™ =T = ] w/f[ K. (6)
i=j+1 =1
The excess free energy of confinement is defined as the
free energy change associated with the transfer of one
mole of macrosolute from the bulk phase to the confined
phase under standard state conditions:

AGconf,i = "‘L}”m - ”'?ulk

= RT In (y?°/y?"™*) = —RT'In #,. (7

It follows from Eqs. 6 and 7 that:

RTInT = é MAGeonti — 2 MiAGong;- (8)
i=1 i=j+1
Thus, reaction equilibria will be shifted to the right if the
free energy cost of confining products is less than that of
confining reactants, and shifted to the left if the cost of
confining products is greater than that of confining reac-
tants.

In the following section the calculation of partition
coeflicients is described, and it is shown that value of a
particular partition coefficient %; depends upon the size
and shape of a molecule of species i relative to the size
and shape of the confining pore. When the partition coef-
ficient of each reactant and product has been deter-
mined, the ratio of equilibrium constants characterizing
the overall reaction in the pore and bulk phases is calcu-
lated via Eq. 6.

PARTITION THEORY FOR CONFINED
VOLUMES OF UNIFORM SIZE

Giddings et al. (1968) developed a statistical theory for
the equilibrium partitioning of rigid molecules into inert
porous networks. Results of that theory used in the pres-
ent study are summarized below.

Let U(r, ¢) denote the potential energy of interaction
between a rigid body and the surface of a confining vol-
ume, defined as a function of the position of its center of
mass, denoted by the vector variable r, and its orienta-
tion, denoted by the vector variable ¢. For the present,

we neglect interactions between solute molecules in the
fluid phase. Under such conditions it was shown by Gid-
dings et al. (1968) that the ratio of the concentration of a
rigid body within a confined volume element to that of
the same rigid body within an unconfined element of
equal size and shape is given by the ratio of configura-
tional integrals in the two phases:

_ ” exp[~U(¢, r)/kT1d¢ dr

[[aver

The exponential vanishes in the denominator because
the potential energy of interaction with boundaries is
defined to be zero for all positions and orientations in the
bulk phase. Depending upon the details of the particular
particle and pore shapes selected, it may be preferable to
evaluate the double integrals by first integrating with re-
spect to position and then with respect to orientation, or
vice-versa. Thus, the position-dependent micropartition
coefficient «(r) and the orientation-dependent micro-
partition coefficient «'(¢) are defined as follows:

K

(9)

[ expt-vco, ry/aT1 a0

k(r¥) = (10)
[ a0
fexp[—U(da"‘, r)/kT}dr
K(¢*) = (11)
f dr
It follows from Egs. 9-11 that:
fx(r) dr fk'(cb)dd)
H = (12)

e fa

Although Eq. 9 is completely general, in this work we
shall neglect long range interactions between solute and
confining surfaces and consider only the hard particle
model, in which U(r, ¢) = 0 when the particle does not
intersect the surface, and U(r, ¢) = oo when the particle
intersects the surface. Thus each point in configuration
space {r, ¢} is associated with an exponential term or
weighting factor of either 1 or 0, depending upon
whether that configuration is nonintersecting (physi-
cally allowed) or intersecting ( physically disallowed). In
this fashion the problem of evaluating partition coeffi-
cients is reduced to the simpler geometric problem of
evaluating volumes in the space of allowed configura-
tions.

In this work we model solute species as rigid particles
of one of four different shapes, illustrated in Fig. 1. These
particles are fully described in the appendix. (a) A globu-
lar protein or a globular aggregate of protein subunits is
modeled as a sphere or cube. For spherical or cubical
hard particles, the partition coefficient is simply the ratio
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of the volume within an enclosure accessible to the
center of the particle (termed “available volume™) to the
total volume of the enclosure. (5) A rodlike protein or a
rodlike aggregate of protein subunits is modeled as a
spherocylinder. The configurational integral for a sphero-
cylinder in a regularly shaped pore is equal to that of a
rod of infinitesimal thickness with length equal to that of
the spherocylinder minus twice the radius, in a pore of
identical shape but with surfaces displaced normally in-
ward by a distance equal to the radius of the spherocylin-
der (Giddings et al., 1968). The partition coeflicient is
reasonably simply evaluated for the pore geometries con-
sidered in this work (see appendix). (c¢) A disklike pro-
tein or a disklike aggregate of protein subunits is mod-
eled as a spherodisk. The configurational integral for a
spherodisk in a regularly shaped pore is equal to that of a
disk of infinitesimal thickness with radius equal to that
of the spherodisk minus half its thickness, in a pore of
identical shape but with surfaces displaced normally in-
ward by a distance equal to half of the thickness of the

fe———— 2rg ———
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FIGURE | Model particles used for calculation of partition coeffi-
cients; full specification in part I of the appendix.

FIGURE 2 Model enclosures or “pores” used for calculation of parti-
tion coefficients; full specification in part II of the appendix. Shaded
bodies are examples of enclosed particles.

spherodisk (Giddings et al., 1968). The partition coeffi-
cient is reasonably simply evaluated for the cases of a
spherodisk between two parallel planes and within a
spherical cavity (see appendix).

In this work we model elements of confined volume
by several model enclosures, illustrated in Fig. 2. These
enclosures are fully described in the appendix. A volume
bounded by two parallel planes, called a planar pore, is
used as a model for confinement in one dimension. A
cylindrical pore is used as a model for confinement in
two dimensions, and a spherical or cubical cavity is used
as a model for confinement in three dimensions. Some
results are also presented for a spherical solute in the
interstices between aligned cylindrical rods and for a cu-
bical solute between intersecting rods of square cross-
section in a cubical lattice.

RESULTS AND DISCUSSION

Isomerization equilibria

The effect of confinement upon the tendency of a solute
particle (single polypeptide chain or oligomer of fixed
composition) to adopt a particular shape' is reflected in
the relative magnitudes of AG,,¢ calculated for differ-
ently shaped particles of equal volume in pores of equal
dimension. Values of AG,, for three different particle
shapes (spherical, spherodiscoidal, and spherocylindri-
cal) are plotted as functions of relative pore size for
planar, cylindrical, and spherical pores in Fig. 3, a—c.

! By the term “shape,” we mean the conformation of the molecule at
low resolution: quasi-spherical, rod-like, disk-like, etc.
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The results shown indicate that as the dimension of a
particle approaches the spacing of confining boundaries,
(a) the free energy cost of confinement rises substan-
tially, and (b) becomes increasingly dependent upon
particle shape for fixed particie volume. Spherical parti-
cles, which are the most compact for a given volume,
have the lowest free energy cost of confinement and are
hence most favored in larger pores (low values of r,/
I'vore)- However, spherical particles are totally excluded
from cylindrical or planar pores that may be occupied by
rodlike or discoidal particles of equal volume. We note
that the behavior of the discoidal particle falls between
that of the spherical and rodlike particle in both planar
and spherical pores, and, interestingly, while not optimal

0.6

rs/rpore

0.8 1.0

FIGURE 3 Free energy of confinement of particles with different shape
and same volume, in pores of different shape. Volume of test particles
is 8 times that of sphere with radius r,. Curves: s-sphere of radius 2r; d,
spherodisk of half-thickness r,, r, = 2.51r,; ¢, spherocylinder of cylin-
drical radius r,, / = 9.33r,. (a) Planar pore; (b) cylindrical pore; (¢)
spherical pore.

in either environment, seems to be only marginally sub-
optimal in both environments.

Monomer-nmer association
For the simple equilibrium n4 2 A4,, Eq. 6 reduces to:

T = #,/ %1, (13)

where %, denotes the partition coefficient of i-mer. The
value of T was calculated for the self association of spheri-
cal monomers to form dimers, tetramers, octamers, and
hexadecimers having spherical, rodlike, and disklike
shapes of equal volume in planar, cylindrical, and spheri-
cal pores, and is plotted as a function of relative pore size
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in Fig. 4, a-c. The value of I' was also calculated for the
self association of cubical monomers to form cubical
dimers, tetramers, octamers and hexadecimers in a cubi-
cal lattice of paralielopiped fibers, and is plotted as a
function of the ratio of monomer size to lattice spacing
in Fig. 5.

The results show that confinement can enhance the
tendency of compact particles to self associate by as
much as several orders of magnitude, and that the degree
of enhancement depends upon the sizes and shapes of
both the resulting oligomer and the bounded volume
element. Formation of globular aggregates is favored
when the geometry of the enclosure permits accommoda-
tion of the globular aggregate.

FIGURE 4 Logarithm of confinement correction factor T, plotted as a
function of pore size, calculated for monomer-z-mer equilibrium in
pores of different shapes. (Curves) Solid-spherical #n-mer; long dashed-
spherodiscoidal n-mer; short dashed-spherocylindrical n-mer. (a)
planar pore; (b) cylindrical pore; (¢) spherical pore.

Indefinite isoenthalpic self association
to a linear oligomer

Consider the following indefinite self association reac-
tion:

A+ A2 A, K, =c/c?
Ay + A= 4, Ky=a/aq
An—l t+t4= An Kn = cn/cn—lcl’

where ¢; represents the molar concentration of i-mer. It
has been shown that when identical monomers self asso-
ciate to form oligomers in an ideal (unbounded) solu-
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FIGURE 5 Logarithm of confinement correction factor T, plotted as a
function of lattice spacing, calculated for cubical monomer-cubical »-
mer equilibrium in a cubic lattice of parallelopiped fibers. Fractional
occupancy of total volume by fibers: 0.2 (solid curves) and 0.3 (dashed
curves).

tion, the standard state entropy changes associated with
the addition of successive monomers to a growing oligo-
mer depend upon the size and shape of the oligomer
(Hill and Chen, 1973; Chatelier, 1987). When the en-
thalpy change associated with monomer addition is inde-
pendent of oligomer size (isoenthalpic self association),
the free energy change associated with successive addi-
tions increases with the extent of association, resulting in
diminishing values of K; as i increases ( Chatelier, 1987).
Let us define the ratio R, = K2/ K5, the value of
which may be calculated approximately using relations
presented by Chatelier (1987). It follows from Eq. 6 that
Kpe  KPT

K,
7"'In—l?{l

X R, = X R,. (14)

We have calculated the value of @, for a model in which
spherical monomers associate isoenthalpically to form
linear oligomers represented as spherocylinders with ra-
dius r, and length determined by conservation of vol-
ume, within a cylindrical pore. Results are presented as a
function of n for pores of varying radii in Fig. 6.

The major qualitative result observed is that whereas
0, decreases with increasing n in the bulk (or in large
pores), it increases with n for sufficiently small pore di-
mensions. The significance of this result is illustrated in
the following example. Using Eq. 14, the fraction of total
solute mass present as #-mer in an equilibrium mixture
of oligomers (1 < n < 20) was calculated as a function of

006 T T T T ¥ 1 T L) T r /r1

0.4 .

’_._._.-o—o—o-0-'-‘-._.—’—0-0 1 5
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’ .0
. »

0.0

aca-bcacashamsaca—ams o 2
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log ©

a-a-A-A-A-A-A-A-A-a-a-A-a-a 3
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P
eee—mesoecaosce—aoss 4
P 9 -0-0-0=0-0-0=0=0~0-0-0 5
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-0.4
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n

FIGURE 6 Logarithm of 6, plotted as a function of n, calculated for
cylindrical pores of several different sizes. Points plotted for r,/r, = oo
represent values taken from Chatelier (1987).

pore size for a macrosolute with K3 = 1 yM~! and
total concentration of protomers = 45 uM. The results
shown in Fig. 7 indicate that the equilibrium distribu-
tion of oligomers in a cylindrical pore becomes ex-
tremely sensitive to changes in pore dimension as the
radius of the pore decreases below ~3r,.

Binding of a soluble ligand
to surface sites

Consider a simple equilibrium between a mobile ligand
species 4 and a stationary independent binding site on
the surface of a fiber:

0025 1 T Ll 1 T 1 L] T 1 1

0.05

y v v 1 \
0 2 4 6 8 10 12 14 16 18 20

O D .

0.00

n

FIGURE7 Mass fraction of n-mer at equilibrium, plotted as a function
of n for a reversibly oligomerizing solute in a cylindrical pore. Points
calculated as described in the text for r,/r, = oo (hollow circles), 3
(filled circles), 2 (hollow triangles), and 1.5 (filled triangles).
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FIGURE 8 Effect of ligand size upon site binding constant in square
lattice of aligned cylindrical fibers, calculated for several different val-
ues of f;, the fractional occupancy of lattice volume by fibers.

[A] + site 2 [A]-site,

with association equilibrium constant K, in the bulk. For
this system the number of ligands bound is given as a
function of the concentration of free ligand by the Lang-
muir isotherm (Tanford, 1961):

(15a)

Noound = Y X Nyitess

where

_ Kya _ Kc
1+Kya 1+Kc’

y (15b)

where a and care, respectively, the thermodynamic activ-
ity and concentration of free ligand, and

K = Kyy = Ky/ ¥,

where v and % are respectively the activity and partition
coeflicients of free ligand. The dependence of K upon the
ratio of ligand to fiber diameter in a square array of
aligned cylindrical fibers is plotted for several different
volume fractions of fiber in Fig. 8. Of particular interest
is the sharp dependence of binding constant upon ligand
size as the size of the ligand approaches the characteristic
spacing of the array. When the fractional extent of site
occupancy is small (y < 1), then y, and hence 1y nq,
will increase linearly with K for constant c.

(15¢c)

“Sealed” versus ‘““open” pores

Many of the results presented above were calculated as-
suming that the concentration of solute within a pore
remains constant as the dimensions of the pore change.
Since the activity coefficient of the solute varies with

pore dimensions, this will be true only to the extent that
the fluid phase exists entirely within an environment of
uniformly sized pores. If solute within a pore is allowed
to equilibrate with bulk (unconfined ) solute, or with sol-
ute in larger pores, then the equilibrium concentration
of solute within the (smaller) pores will decrease as the
dimensions of the pore shrink. An illustration of this
effect follows.

Consider a solute that may exist as an equilibrium
mixture of spherical monomer and linear (spherocylin-
drical) octomer. The equilibrium constant sufficient to
provide a weight fraction of 50% oligomer in an ideal
solution at a total concentration of 1 g/liter is calculated
to be 128 (liter/g)~". If a bulk solution containing 1
g/liter of solute is equilibrated with planar pores having
dimensions large relative to that of the solute, then both
monomer and octamer will partition equally between
bulk solution and pore. As the spacing of the planar pore
diminishes, octamer will be preferentially excluded from
the pore, leading to both a lowering of the total concen-
tration of solute within the pore and a lowering of the
weight fraction of solute within the pore existing as oc-
tamer. The magnitude of this effect is plotted in Fig. 9.
Also shown in this figure is the contrasting behavior ob-
served when the pore is sealed; if the solute cannot re-
equilibrate with bulk solute as the pore dimensions di-

1.0 L) T 4 )
0.8 + .
EO.S - .

2 0.4} open pore .

0.2 + .
o } } t i
o ,,r
£ 0.8 + ’,/' .
' —“—”
c 06 - sealed pore
c e
o 0.4 -
:.3
8 0.2 | open pore i
[

o.o 1 1 1

0.0 0.2 0.4 0.6 0.8 1.0
r1/rpore

FIGURE 9 Effect of pore size upon distribution of a self associating
macromolecule between unbounded solution and planar pores (upper)
and upon state of association of macromolecule within the pore
(lower). w,, is the total concentration of macrosolute in the pore, in
equilibrium with a bulk concentration of 1 g/liter in the bulk phase.
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minish, the extent of oligomerization within the pore
increases (see above).

Eukaryotic cytoplasm is likely to contain microstruc-
tures corresponding to both open and sealed pores. The
interstitial space between large fibrous elements of the
cytomatrix may be regarded as an ensemble of open
pores characterized by a possibly time-dependent distri-
bution of sizes and shapes, while any microscopic region
enveloped by membranes might be regarded as a sealed
pore.

Mechanochemical linkage

Since the free energy of confined solutes is a function of
pore dimensions, it follows that in a sealed pore, con-
fined solutes exert force on the confining boundaries,
and work may be performed if the boundaries are mov-
able. In the case of an ideal solution confined between
planar boundaries, the outward-directed force per mole
of solute species i is given by:

(16)

where / is the distance between planar boundaries. Ac-
cording to Eq. 5, #,;y?™ = 4% (assumed here = 1).
Hence u; = u? + RTIn ¢;— RTIn #,. It follows that when
the volume of solution is held constant as 7, changes (by,
for example, allowing the cross-sectional area of the en-
closure to change),

RT dIn %,
=7 e, (n
However, when the volume of solution increases linearly
with r, (by holding the cross-section constant and per-
mitting the boundaries to be permeable to solvent), then

RT(1 dIn%,
S A A (%)
The first term in the bracket on the right hand side of Eq.
18 results from macrosolute dilution with increasing r,.
The second term represents the contribution of confine-
ment to the force exerted per mole of the ith component.
The total force exerted by the solution is:
F=2nf, (19)
where #, is the number of moles of the ith solute species
between the planar boundaries.
The force exerted per mole of spherical macrosolute
against the walls of a semi-permeable? planar enclosure
is calculated from Eqgs. 18 and (A1) to be:

2 A semi-permeable enclosure permits solvent, but not macrosolutes,
to pass through the enclosure boundaries.

f/RT (x 1077 cm)

FIGURE 10 Effect of pore size upon the force exerted by spherical li-
gand against the semipermeable walls of a planar pore. The solid curve
is the total force, and the short dashed curve and long dashed curve
represent the contributions to the total force due to dilution and con-
finement effects respectively.

fi=R7T[i+———'i ] (20)

r, ryr,—r)

In Fig. 10, the force exerted per mole of monomer is
plotted as a function of r,. For small pore spacings (r, <
2r,) the force exerted by solute on the planar boundaries
of the pore is dominated by the confinement effect (long
dashed curve), and for large pore spacings (7, > 3r,) the
force, which is substantially smaller in magnitude, is
dominated by the ideal dilution effect (short dashed
curve).

The force exerted by macrosolute may be modulated
by altering the state of association, as illustrated in the
following example. Consider a solute that may exist ei-
ther as a globular (spherical) monomer of radius r, or as
aglobular octamer of radius 2r, in reversible equilibrium
with monomer, with K" = wiulk/(wb)8 The depen-
dence of force upon equilibrium association constant is
calculated as follows. For specified values of K§" and
r,, the value of K§°®is calculated using Eq. 13. Then the
values of w, and w; are calculated subject to the con-
straint w,,, = w; + wy = 1. Finally, F, the total force
exerted on the boundaries by monomer and octamer, is
calculated using Eq. 19 and 20. F is plotted against the
value of log K2" for four pore sizes in Fig. 11. It follows
from the results shown in this figure that a change in
solution conditions that substantially alters the value of
K2k (such as addition of a specific small-molecule li-
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FIGURE 11 Effect of alteration in bulk equilibrium constant for octa-

merization upon the force exerted on the semipermeable walls of a
planar pore, calculated for pores of several different sizes.

gand known to influence macromolecular self associa-
tion) can result in significant increases or decreases in
the force exerted by the solution upon the confining
boundaries. If the boundaries are movable and the forces
on opposite sides of a boundary become unbalanced,
then large scale structural changes could conceivably be
caused by ligand-linked association (or dissociation) of
soluble globular proteins not ordinarily considered part
of the structural apparatus of the cell.

POSSIBLE BIOLOGICAL RELEVANCE OF
CONFINEMENT EFFECTS

The results presented here demonstrate that confine-
ment of macromolecular solutes within bounded ele-
ments of fluid volume (pores, channels, interstices) can
significantly affect the chemical potential and reactivity
of those species whose largest dimension is within
roughly a factor of three of the smallest characteristic
spacing of the enclosure. Depending upon the relative
shapes and sizes of the enclosure and the various solute
species, confinement effects can result in substantial
changes in isomerization, association, and surface bind-
ing equilibria relative to the bulk (unbounded) phase.
Confinement effects are similar in some respects to
effects due to macromolecular crowding, that is, effects
arising from volume exclusion in solutions of high total
macromolecular content (Minton, 1981, 1983). Both
crowding and confinement tend to enhance associations.
However, while crowding always favors the formation of
compact globular aggregates, confinement in one- or

two-dimensional enclosures can sometimes favor the
formation of extended (linear or discoidal) aggregates.

Microscopic studies reveal that the distribution of fi-
brous elements within the cytoplasm of a single cell can
vary considerably from point to point (Bershadsky and
Vasiliev, 1988). As this work suggests a significant link-
age between cytomatrix structure and macromolecular
equilibria in the intervening fluid phase, it is likely that
inhomogeneities in fiber structure reflect corresponding
inhomogeneities in solution phase chemistry as well. To
the extent that increasingly sophisticated techniques of
light and electron microscopy will permit point-to-point
mapping of variations of local cytomatrix structure
within the cell, relations of the type developed here may
permit the construction of a corresponding map of the
distribution of soluble macromolecules and their various
states of association within the fluid phase of cytoplasm.

One of the major accomplishments of modern bio-
chemistry has been to demonstrate how macromolecular
association reactions in solution give rise to many of the
large fibrous structures observed in the cytoplasm of liv-
ing cells. Hopefully, this work will draw attention to the
reciprocal influence of supramolecular structure upon
solution biochemistry in cytoplasm and comparable bio-
logical environments.

APPENDIX

Partition coefficients for hard particles
in variously shaped enclosures
(“pores’’)

I. Specifications of model hard particles
(Fig. 1)

(a) Sphere. Radius r; volume V, = 4xr3/3.

(b) Cube. Side 2r,; volume V, = 8r3. For the sake of simplicity in
computation, the cube is constrained to orientations such that cube
faces are either parallel or perpendicular to the plane surfaces bounding
the enclosure.

(¢) Spherocylinder. The volume obtained by rotating the area in-
dicated in Fig. 1 ¢ about the vertical axis; volume V,. = 4xr3/3 + xr?].

(d) Spherodisc. The volume obtained by rotating the area indi-
cated in Fig. 1 d about the vertical axis; volume V,, = 2xr3r,+ xr,r2 +
4xr3/3.

Il. Specifications of model enclosures (Fig. 2)

(a) Planar pore. Two parallel planes normal to the x axis located
atx = +r,.

(b) Square parallelopiped pore. An indefinitely long parallelo-
piped, the central axis of which is coincident with the z axis, having a
square cross-section with sides at x = xr,and y = *r,,.

Cylindrical pore. An indefinitely long cylinder about the z axis,
with radius r,.

(¢) Cubical pore. A cubical box centered at the origin, with sides at
xX=xr,, y==*r,and z = *r,.

Spherical pore. A spherical enclosure centered at the origin, with
radius r,.

(d) Squarearray of parallel cylinders. Fibers are modeled by cylin-
ders of radius r,, the axes of which are parallel to the z axis. Fiber axes
pass through a square array of points in the x — y plane with a nearest
neighbor distance of 2ry,.

(e) Cubical lattice of parallelopipeds. A three-dimensional net-
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work of fibers modeled by indefinitely long parallelopipeds extending
in three perpendicular directions (parallel to the x, y, and z axes).
Three mutually perpendicular fibers intersect at each point in a cubical
lattice of points, with nearest neighbor intersections occurring at inter-
vals of 2r,, in the x, y, and z directions. Each fiber has a square cross-
section, with side 2r,.

lll. Calculation of partition coefficients

(a) No orientation factor. In the case of a cube with orientation
constrained as specified above, or a sphere, the partition coefficient is
simply the ratio of the volume accessible to the center of the particle to
the volume accessible to a point particle.

(b) Orientation factor. In the case of a spherocylinder or sphero-
disk, partition coefficients are calculated in two stages. For planar or
spherical enclosures, an expression for the position-dependent micro-
partition coefficient «(r) is obtained by evaluating the fraction of al-
lowed orientations for a fixed position (Eq. 10). This expression is
subsequently integrated over all positions to obtain # (Eq. 12). For the
case of a spherocylinder in a cylindrical enclosure, an expression for the
orientation-dependent micropartition coeflicient «'(¢) is obtained by
evaluating the fraction of allowed positions for a fixed orientation (Eq.
11). This expression is subsequently integrated over all orientations to
obtain # (Eq. 12).

IV. Partition coefficients for various models

1. Planar pore
(a) Spherical or cubic particle. The center of mass of an enclosed
sphere may be located at any position (x, y, z), such that | x| < (r, —
r,). The partition coefficient is given by the ratio of allowed to total
pore volumes:
H=1-a, (Al)
where a = r,/r,. The same equation holds for an enclosed cube if the

cube is constrained orientationally as described above.
(b) Spherocylindrical particle. Letr,=r,-r,andg=r,/r,. Then

1 r<(r,—rg
K(r)=14r — (A2)
Lo r=(r,—ry)
r
1 1—¢g/2 r<r,
H=— (rydr= (A3)
Tpdo 1/(2q) ri=r,.
(¢) Spherodiscoidal particle. 1etq=r,/r,. Then
1 r<(r,—rg)
K(r) = — (A4)
1 - 1—(—’;) r=(r,—ry)
rq
1
H=— f k(r)dr
rp )
Q.( _r q) re<r,
rp 4
= (A5)

N

. I ‘
;:-( -=Vi —q‘z—gsm"(q)) ra=r),.

2. Cylindrical pore

(a) Spherical particle. The center of mass of the sphere may lie at
any position (r, z) such that 0 < r < (r, — r,). The partition coefficient,
equal to the ratio of allowed to total volumes, is given by:

H=(1-a)? (A6)

where a = r,/r,. This result is identical to that obtained in the case of
an orientationally constrained cube enclosed in a parallelopiped of
square cross-section.

(b) Spherocylindrical particle.

«'(0)

rp—T;5ind
f Vr? = (x + nsin )2 dx (r,~r,sin8)>0
0

0 (r,—r;sinf)<0
(A6)
4 x/2
H=—7 «(8) sin 8 d9. (A7)
raJdo

The integral expressions for «'(8) and # are evaluated via numerical
quadrature.

3. Spherical pore

(a) Spherical particle. The center of mass of the sphere may lie at
any point such that r < (r, — r,). The partition coefficient, equal to the
ratio of available to total volumes, is given by

H = (1 - a)? (A8)

where a =r,/r,. The same equation holds for a cube in a cubical pore if
the cube is constrained orientationally as described above.
(b) Spherocylindrical particle.

1 r=(r,—rp)
22 2
K(r) = —r% (ry—r)y<r<yri—r} (A9)
I
0 I e
r, ;' 3 + 3 v 2
# =%fpx(r)r2 IR SVl 141G Sk £ N
Tpvo rp
(¢} Spherodiscoidal particle. Let g =r,/r,. Then
{
1 r=(r,—rg
- Varar2 — (r2 — r3 = r?)?
2rry, (All)

x(r) = ﬁ

(rp—ra)<r<yri-r}

LO err;,z—rﬁ

rp /' \3
H =%f w(ryrtdr = (L‘Z)
r r

pvo 14

(=2 e 30 - - Sasin™ @) A1)

4. Aligned fibers

(a) Cube in square array of parallelopipeds. The volume available
to an enclosed cube with orientation constrained as described above
will be proportional to an area rg, — (r,+ r.)% hence

Minton
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2 2
P USRS (A13)
Fim — 15
(b) Sphere in square array of cylinders. The volume available to
an enclosed sphere of radius r, is proportional to the cross-sectional
area in the xy plane available to a circle of the same radius. By virtue of
symmetry, one need consider only a quadrant of the square. The area
available to a sphere of radius 0, i.e., a point, within this quadrant is
Apoine = Tty — 713/ 4. The area available to a sphere of finite radius, and
hence the partition coefficient, depends upon the radius of the sphere:
casea: 0<(ry+ry)<ry
7{={rzlal_"r(rs+rf)2/4}/Apoint (A14)

caseb: rg < (ry+r)=<y2ry

?{ = {rlznl_ rlatv(rc-}' rf)z - rlza!_ (%_e)(rc-'-rf)z]/Apoim

where
_ —1f T
0 = cos ( ) . (Al5)
retry
(¢) Cube in cubical lattice of parallelopiped fibers. The volume

available to a cube of side 2r, will be proportional to r3, — 3r,(r; +
r.)? + 2(r¢+ r.)% hence

i = 3ra(re +r)2 + 2(re + r)?
ray — 3ngr + 2r} ’

H = (A16)
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